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Conserved active information
Yanchen Chen, Daniel Andrés Dı́az-Pachón, Member, IEEE,

Abstract—We introduce conserved active information I⊕, a
symmetric extension of active information that quantifies net in-
formation gain/loss across the entire search space, respecting No-
Free-Lunch conservation. Using Bernoulli and uniform-baseline
examples, we show that I⊕ reveals regimes hidden by KL diver-
gence, such as when strong knowledge reduces global disorder.
Such regimes are formally proven under a uniform baseline,
distinguishing disorder-increasing mild knowledge from order-
imposing strong knowledge. We further illustrate these regimes
with examples from Markov chains and cosmological fine-tuning.
This resolves a longstanding critique of active information while
enabling applications in search, optimization, and beyond.

Index Terms—active information, conservation of information,
No-Free-Lunch Theorems.

I. INTRODUCTION

INFORMATION theory imposes and is subject to highly
consequential limitations. Among the most striking is its

self-imposed focus on averages (entropy, Kullback-Leibler
divergence, mutual information, etc.). The deep roots of
information theory in thermodynamics, the poster child of
reductionism, readily explain this trend. Reductionism, the
philosophical position that intends to explain the whole as the
sum of its parts—precisely the definition of average, garnered
many adherents because of the spectacular results it brought
about. Indeed, thermodynamics has successfully characterized
macroscopic phenomena of systems close to equilibrium in
terms of their microscopic constituents, and it holds the well-
deserved title of the most undisputed theory in science [1],
[2].

However, the thermodynamics of equilibrium has a problem:
it is incomplete and unsatisfying in most real-life scenarios. As
emergent properties accumulated rapidly in the basic sciences,
it became impossible to analyze most macrostates as the
sum of their microstates, implying that simplifying theory-
of-everything-type equations proved insufficient in most inter-
esting cases. Consequently, even Nobelists began to question
reductionism some decades ago; for instance, Philip Anderson
realized that more is different [3] and Robert Laughlin saw
that a theory of everything is hardly a theory of every thing,
opening the way to a hierarchical approach [4]. In all, this
realization gave rise to the theory of complex systems.

Since statistics also originated in physics (as evidenced by
terms like “mass”, “density”, or “moments”), it comes as
no surprise that it has suffered from the same illnesses as
information theory. Indeed, the focus on averages has made
some problems extremely difficult, if not impossible, to solve.
For instance, Vladimir Vapnik, the father of statistical learning,
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made clear that problems such as the curse of dimensionality,
real-life data that refusal to fit a few parametric distributions,
and the shortcomings of the maximum likelihood method
(closely linked to the Gibbs distribution in statistical physics
[5], [6]) imposed strong limitations on the classical approach
to statistics. Even robustness, the assumption that led to
treating the average as the typical behavior of all the individual
parts, became dubious; examples include bump hunting [7]–
[11] and density estimation [12]–[14], where assigning the
same weight to every state or singleton is useless. Such
considerations led Vapnik to develop his highly successful
nonparametric theory of statistical learning [15], [16].

In biology, even amid deep disagreements about definitions
of life, a fundamental property that cannot be overlooked is
homeostasis, the tendency of living entities to resist entropy,
which seems to defy all we know about thermodynamics
[17], [18]. Therefore, explaining, for example, the origin of
life through equilibrium physics is doomed to failure. The
reductionist approach grossly underestimates the information
content of far-from-equilibrium systems, which include most
biological events of interest [19]–[21]. This includes all events
for which we have a single observation, such as abiogen-
esis, eukaryogenesis, the emergence of sexual reproduction,
and the emergence of language and intelligence [22]. For
this reason, Nobel laureate Jack Szostak proposed functional
information—a local measure that focuses exclusively on the
fraction of functional configurations in a complex system [23],
[24].

Events that, like functional configurations, are highly spe-
cific and informative are called specifications here. These
specifications abound across most fields of science and, by
their very nature, cannot be reduced to mean-field assump-
tions. For instance, in medicine, there appear to be close links
between eukaryogenesis and the emergence of intelligence and
cognition in cells, and these, in turn, have been linked to
regenerative medicine and prospective cures for cancer, among
many others [25]–[29]. In cosmology, singularities include the
formation and behavior of black holes [2], [30], the origin of
the universe [31], [32], and the particular values assumed by
the constants of nature and the boundary conditions of the
standard models [33]–[36].

In machine learning and artificial intelligence, the study of
bias and fairness is precisely the study of these specifications
[37]–[40]. For instance, this occurs when a feature of an under-
sampled group is evaluated using results from an oversampled
group—a common situation in health disparity research [41];
in public health, when estimating disease prevalence [42]–[45];
and in GWAS studies based primarily on a European sample,
to the near exclusion of other groups [46]–[48].

Therefore, information theory needs to consider techniques
based on local events and unaveraged measures that can inform
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scientific discovery. Indeed, until very recently, information
theory focused only on L1 measures of information (entropy,
mutual information, Kullback-Leibler divergence, etc.). Only
recently have Fradilezi, Madiman, and collaborators begun
to exploit the importance of the variance of information
content, which they beautifully called varentropy, to study
the concentration of measure phenomenon [49], [50]. The
usefulness of this simple concept is epitomized by the extreme
success that probabilist Justin Salez has achieved by using it to
prove multiple instances of the cut-off phenomenon in Markov
chains [51]–[58]. Thus, our aim is for unaveraged information
measures to have the same effect in theory and in practice.

In this context, active information (AIN) was proposed to
quantify the amount of information infused to reach a target
in a search problem. The concept can be readily extended
beyond search spaces to any probability space (Section II). In
this paper, we introduce conserved active information (CAIN)
based on AIN. We use CAIN to show that, when the amount
of AIN in a system exceeds a certain threshold, conservation
of information renders it no longer possible to regard AIN
as a simple redistribution of the available information in
the system (Section III). Rather, new information has been
added externally, and CAIN requires that it be accounted for.
In search problems, being above this threshold requires a
programmer. More generally, CAIN forces us to see a system
as open. Therefore, given the laxity with which the word
emergence is used for events that we do not understand [59],
we propose here to define as emergent any target/event whose
AIN is beyond the given threshold.

The paper is structured as follows: Section II defines
active information and examines its key properties. Section
III introduces conserved active information, presents results
demonstrating its properties, and illustrates its importance with
examples. In Section IV, we conclude with a discussion about
the relevance of conserved active information and some open
problems.

II. ACTIVE INFORMATION

Another way to see the limitations of averaging is through
the highly consequential No Free Lunch theorems (NFLTs),
which assert that, on average, no search does better than a
random one. The NFLTs imply that, “if an algorithm performs
better than random search on some class of problems, then
it must perform worse than random search on the remaining
problems” [60], underscoring “the importance of incorporating
problem-specific knowledge into the behavior of the algo-
rithm” [60], [61]. According to the NFLTs, it is precisely this
problem-specific knowledge that enables biasing an algorithm
to reach the target more effectively than a blind search (a
fact that is particularly true in machine learning [62], [63]).
Therefore, AIN I+, was introduced to measure the amount of
information I2 infused by a programmer to reach a target T
in a search space X , relative to the information I1 provided
by a baseline [64]–[67]:

I+ = I+T (P2 ∥ P1) = I+(P2 ∥ P1)(T)

:= I1(T)− I2(T) = log
P2(T)

P1(T)
,

(1)

where Ii(T) = − logPi(T) is the self-information of T under
the law Pi, for i = 1, 2, and we assume log(0/0) = 0 by
continuity. We allow I+ to take values in the extended real line
R := R∪{∞}∪{−∞}. As is customary in search problems,
we also assume |T| ≪ |X | < ∞. The probabilities P1 and P2

denote random search and search with additional knowledge,
respectively. Thus, I1(T) is the endogenous information,
measuring the baseline difficulty of finding T, and I2(T) is
the exogenous information, measuring the difficulty of the
problem given the additional knowledge, making the AIN I+

the problem-specific information incorporated into the search.
Observe that, in the definition (1) of AIN, only slightly more

than T being measurable by the two probabilities is required.
Formally, we require two probability spaces (X1,F1,P1),
(X2,F2,P2), and T ∈ F1 ∩ F2. In applications, this dis-
tinction between the two spaces is key. For instance, in
the Brillouin AIN, the programmer learns that the target
T ⊂ X2 ⊂ X1 lies within a subset of the original space
[68]. Then, assuming that P1 corresponds to a blind search,
I+T = logP2(T) − logP1(T) = log(|X1|/|X2|). However,
for theoretical purposes, it is better to work with a single
measurable space (X ,F):

Lemma 1. Let X = X1∪X2, F = σ(F1,F2), and extend the
measures Pi, for i = 1, 2, to

P∗
i (A) =

{
Pi(A) if A ∈ Fi,

0 otherwise.

Then the measurable space (X ,F) and the probability mea-
sures P∗

1,P
∗
2 associated with it exist and are well-defined.

Proof. For i = {1, 2}, we need to verify that
• P∗

i (X ) = 1,
• P∗

i (A) ≥ 0,
• Countable additivity: If {A∗

j}j∈N ⊂ F is a disjoint

sequence of measurable sets, then P∗
i

(⋃
j A

∗
j

)
=∑

j P
∗
i (A

∗
j ), for i ∈ {1, 2}.

The first two properties are trivial. As for countable additivity,
redefine A∗

j as

A∗
j =

{
Aj if A∗

j ∈ Fi

0 otherwise.

Then

P∗
i

⋃
j

A∗
j

 = Pi

⋃
j

Aj

 =
∑
j

Pi(Aj) =
∑
j

P∗
i (A

∗
j ),

as required.

Remark 1. With a slight abuse of notation, we will still refer
to P∗

1 and P∗
2 as P1 and P2, respectively.

This unified space enables seamless comparison and gener-
alization beyond finite discrete searches. Indeed, the measure-
theoretic formulation allows writing AIN as

I+ =

∫
T

log
p2(x)

p1(x)
dµ, (2)
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Fig. 1. Total information H(X) of X ∼ Ber(p). Logs taken in base 2.

where µ is a measure on (X ,F), Pi is absolutely continuous
w.r.t. µ (noted Pi ≪ µ), and pi = dPi/dµ is its Radon–
Nikodym derivative, for i = 1, 2 (such a measure µ always
exists, for example, µ = (P1 + P2)/2). Therefore, great
generality is achieved, depending on the choice of X (not
necessarily finite), F , P2, P1, T, and f (defined below):

Definition 1. Let f : X → R be a real function on X and
assume that we are interested in events T where f is large:

T = {x ∈ X ; f(x) ≥ f0} (3)

for some f0 ∈ R. Then we say that T is a specification and
f is a specification function.

We now define the Kullback-Leibler divergence (KL):

KL(P2 ∥ P1) = KL(X2 ∥ X1)

:=

{∫
p2(x) log

p2(x)
p1(x)

µ(dx) if P1,P2 ≪ µ,

∞ otherwise,

(4)

where µ is as in (2). Some have proposed KL as the most basic
concept in information theory because it can be applied equally
to discrete and continuous random variables, being always
nonnegative and uniquely defined, whereas entropy, when
extended to continuous random variables, can be negative
and is not invariant under transformation of the distribution’s
parameters [69], [70].

Returning to AIN in (2), it is a comparative measure that
quantifies how much information is added or removed by
viewing T through P2 rather than P1, even when the space
is not discrete. To illustrate some properties of AIN, let P be
the class of all probability measures on (X ,F). Then, for all
P,P∗,P′ ∈ P and all A ∈ F , AIN satisfies the following
properties:
P1 Can be positive, negative, or zero:

• I+A (P ∥ P∗) < 0 iff P(A) < P∗(A),
• I+A (P ∥ P∗) = 0 iff P(A) = P∗(A),
• I+A (P ∥ P∗) > 0 iff P(A) > P∗(A).

P2 Induces a total ordering of P, in the sense that P ≥ P∗

iff I+A (P ∥ P∗) ≥ 0. It satisfies
• Reflexivity: I+A (P ∥ P) ≥ 0 iff P(A) ≥ P(A).
• Antisymmetry: I+A (P ∥ P′) ≥ 0 and I+A (P′ ∥ P) ≥ 0

iff P(A) = P′(A).
• Transitivity: If I+A (P ∥ P∗) ≥ 0 and I+A (P′ ∥ P) ≥ 0,

then I+A (P′ ∥ P∗) ≥ 0 and P′(A) ≥ P∗(A).
• Totality: I+A (P ∥ P′) ≥ 0 or I+A (P′ ∥ P) ≥ 0.

Properties P1–P2 establish other important differences be-
tween AIN and KL. First, KL cannot be negative; therefore,
it is not a comparative measure and cannot quantify local
information changes between P2 and bfP1. This is a key
consideration in Section III. Second, KL does not induce
any ordering whatsoever because, as a relation, it is neither
antisymmetric nor transitive. The only comparison we can
learn about P2 and P1 when looking at KL(P2 ∥ P1) is
that KL(P2 ∥ P1) = 0 iff P2 = P1 a.s. Third, KL can be
used to obtain AIN, but obtaining AIN from KL is generally
not possible. A third important property of AIN, shared by the
KL divergence, is:

P3 AIN tensorizes. That is, for an n-dimensional Carte-
sian product A = A1 × · · · × An, and product mea-
sures P2 := P21 ⊗ · · · ⊗ P2n, P1 := P11 ⊗ · · · ⊗
P1n, where P21, . . . , P2n and P11, . . . , P1n are inde-
pendent, and P11(A1) · · ·P1m(An) ̸= 0, we have that
log[P2(A)/P1(A)] =

∑n
i=1 log[P2i(Ai)/P1i(Ai)].

In high-dimensional scenarios, property P3 enables decom-
position in product spaces. Moreover, P3 makes AIN desirable
over

P2(A)−P1(A) (5)

since (5) does not tensorize. Among others, this allows a more
practical redefinition of bias of prevalence as follows: If P1(A)
is the true prevalence of A and P2(A) is the expected value of
its estimator, I+ is preferable to the usual definition of bias as
(5); see, for instance, [39], [40], [43], [45], [71]. Also, because
of P3, KL is usually preferable to the total variation distance
TV = TV(P2,P1) := supA∈F |P2(A)−P1(A)| because, by
Pinsker’s inequality, TV can be approximated by KL:

TV(P2,P1) ≤
√
KL(P2 ∥ P1)/2. (6)

For analytical developments and diverse applications of
specifications and AIN, see [42]–[45], [71]–[87].

III. CONSERVED ACTIVE INFORMATION

When Wolpert and Macready introduced the NFLTs, they
realized that improved performance on the target T implied
impoverished performance on Tc, and that this should be
reported. However, as explained in Section II, AIN reports only
the amount of information added or removed by the program-
mer to reach the target, without accounting for information
added or removed from the rest of the space. Thus, we propose
here conserved active information. To introduce it, we start
with a simple question: If AIN can be negative, why is KL
nonnegative? To answer this question, we first define the total
information of a random variable X with law P1 as

H(X) :=

∫
X
− log dP1(x). (7)

When X discrete, the RHS of (7) becomes −
∑

x∈X log p1(x);
when X is absolutely continuous, it becomes
−
∫
X log p1(x)dx. As indicated by its name, H quantifies the

total amount of information in a given system.
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Fig. 2. Entropy H(X) of X ∼ Ber(p). Logs taken in base 2

Example 1. Consider a Bernoulli r.v. X in X = {0, 1} with
probability of success p = P1(1) and entropy H(X). Then

H(X) = − log p− log(1− p),

H(X) = −p log p− (1− p) log(1− p)
(8)

It is easy to verify that when p = 0.5, H(X) is minimized (see
Fig. 1), whereas the entropy H(X) is maximized (see Fig. 2).
In base 2, H(1/2) = 2 and H(1/2) = 1. On the other hand,
as p approaches 0 or 1, H(X) increases to infinity, while
H(X) decreases to 0. In more detail, for p ≪ 1,

H(X) ≈ − log p ≫ 0,

H(X) ≈ −p log p ≪ 1,
(9)

revealing that the contribution of the second terms in (8)
becomes negligible. Still, it is also clear from (9) that the
small weight of the first term of H(X) tames the strength of
the first term in H(X).

Example 1 shows that total information and entropy move
in opposite directions. When uncertainty is maximal, entropy
is maximized, whereas total information is minimized; and
when certainty is maximal, entropy is minimized, whereas
total information is maximized.

The previous setting can be naturally extended to conserved
active information, defined as

I⊕ = I⊕(P1,P2) = I⊕(X1, X2)

:= H(X2)−H(X1) =

∫
X
log

p1(x)

p2(x)
dµ,

(10)

where µ, p2, p1 are as defined in (2). When X1, X2 are
discrete, the RHS of (10) becomes −

∑
x∈X log[p1(x)/p2(x)];

when X1, X2 are continuous, the RHS of (10) becomes
−
∫
X log[p1(x)/p2(x)]dx. Then I⊕ is the amount of addi-

tional information needed in the system to replace X1 ∼ P1

with X2 ∼ P2. Therefore, when H(X2) ≤ H(X1), I⊕ ≤ 0,
implying that information is conserved when moving from P1

to P2. On the other hand, when H(X2) > H(X1), I⊕ > 0,
implying that new information must be infused externally to
sustain the new system induced by X2. The definition of
I⊕ and Pinsker inequality (6) directly imply the following
Lemma:

Lemma 2. Let X = {1, . . . , N} be a finite space and define
X1 ∼ U(N) as a uniform random variable in X . Then, for
any X2 ∼ P2 fully supported in X , we have

1) N ·KL(P1 ∥ P2) = I⊕(P1,P2).
2) TV(P2,P1) ≤

√
I⊕(P1,P2)/(2N).

Fig. 3. I⊕(P1,P2) when P1 ∼ Ber(p) and P2 ∼ Ber(q).

As before, a brief example will shed much light on the
interpretation of I⊕.

Example 2. Consider the space X = {0, 1}, and two
Bernoulli random variables X2, X1 with success probabilities
P1({X1 = 1}) = p and P2({X2 = 1}) = q, respectively,
Figure 3 shows that

I⊕ = log
p

q
+ log

1− p

1− q
(11)

is a saddle. Three simple scenarios can be discerned:
C1 If p ∈ {q, 1− q}, then I⊕ = 0.
C2 If p ̸= 0.5 = q, then I⊕ < 0.
C3 If p = 0.5 ̸= q, then I⊕ > 0.

In scenario C1, the system’s total information remains con-
stant. In scenario C2, a somewhat ordered system decays to
maxent, implying that the system redistributes its available
information without external input. In scenario C3, the system
is initially in maximum entropy (maxent), and any update to
P2 orders the entire system, requiring external input. In other
words, the conserved active information increases or decreases
as the system becomes more or less ordered.

How then is KL nonnegative if I+ and I⊕ can be neg-
ative? (Figure 4). Again, let’s consider the simplest case of
two Bernoulli random variables: X1 ∼ Ber(0.5 + ϵ) and
X2 ∼ Ber(0.5), with ϵ ∈ (0, 0.5]. Then

I⊕(P1,P2) = log
0.5− ϵ

0.5
+ log

0.5 + ϵ

0.5

KL(P1 ∥ P2) = (0.5− ϵ) log
0.5− ϵ

0.5
+ (0.5 + ϵ) log

0.5 + ϵ

0.5
.

(12)

Example 2 and Fig. 3 show that I⊕ < 0 in (12). Moreover,
the first term of I⊕ is negative, whereas the second is positive.
Therefore, the first term determines the sign of I⊕. However,
KL is positive not because all its terms are positive (the
weighted first term is not), but because the positive, weighted
second term outweighs the weighted first term. In fact, as
ϵ ↑ 0.5, I⊕ decreases to −∞ because its first term decreases
to −∞, whereas KL approaches log 2 because its weighted
first term approaches 0.

As Example 2 makes clear, I⊕ reveals information hidden
from KL, with strong implications for the conservation of
information. This is made explicit in the theorem below.

Theorem 3 (Regimes of Conserved Active Information under
Uniform Baseline). Let X = {1, . . . , N}, where P1 ∼ U(N)
is the maxent distribution, and the target T satisfies |T| ≪
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Fig. 4. KL(P1 ∥ P2) when P1 ∼ Ber(p) and P2 ∼ Ber(q).

|X |/2, so that p = P1(T) = |T|/|X | ≪ 1/2. Assume the
programmer has additional information yielding q = P2(T).
If q < p or q > 1 − p, then I⊕ > 0 (the system is more
organized); if p < q < 1−p, then I⊕ < 0 (the system is more
disorganized); and if q ∈ {p, 1− p}, then I⊕ = 0 (the system
is equally ordered).

Proof.

I⊕(P1,P2) = log
p(1− p)

q(1− q)
,

which proves that I⊕ = 0 iff q ∈ {p, 1 − p}. After some
algebraic manipulation, we obtain that,

log
p(1− p)

q(1− q)
< 0 ⇔ (q − p)(p+ q − 1) < 0. (13)

Thus, the two terms on the RHS of (13) must have opposite
signs. If q−p < 0, then p+q−1 > 0 to satisfy the inequality.
However, this is equivalent to q > 1 − p. But then q < p <
1/2 < 1− p < q, a contradiction. Therefore, the RHS of (13)
is negative iff q > p and q < 1− p.

Remark 2. Given the general definition of AIN in (2), note
that Theorem 3 holds unchanged when X = [0, N ] and |·| is
the Lebesgue measure.

Theorem 3 has the following important corollary:

Corollary 4. Under the conditions of Theorem 3, if I+ < 0,
then I⊕ > 0. On the other hand, if I+ > 0, then I⊕ > 0 only
when q > 1 − p. Otherwise, if I+ > 0 and p < q < 1 − p,
then I⊕ < 0.

The findings of Corollary 4 are summarized in Table I.
The implications of Theorem 3 and Corollary 4 are as

follows. Consider a search problem in X = {1, . . . , N}, where
the system remains in maxent (i.e., X1 ∼ U(N) is uniformly
distributed over X ) and the target T satisfies |T| ≪ |X |/2.
In the notation of Example 2, p = |T|/N . Assume that an
alternative search yields P2(T) = q. If q < p, then I+T < 0 but
I⊕ > 0, meaning the system is more ordered while the target
is less probable—an uninteresting scenario of low complexity.

On the other hand, I⊕ = 0 when q ∈ {p, 1 − p}, whereas
KL = 0 only when p = q. If q ∈ (p, 1 − p), then I+T > 0
but I⊕ < 0, meaning the target search is more probable at
the expense of making the whole system more disordered; in
other words, this is a system of moderate complexity, where
the system’s information can be redistributed to make the
target more likely. However, if q > 1 − p, then I+T > 0 and

I⊕ > 0, meaning the target becomes much more likely while
the order of the whole system increases; this is the jackpot
scenario of very high complexity that makes T emergent,
where conservation of information requires accounting for the
excess total information I⊕ > 0 required to produce T. Again,
none of the scenarios where I⊕ ̸= 0 can be discerned by
looking only at KL.

Definition 2 (Emergence). We say that an event T ∈ X is
emergent if and only if I+(T) > 0 and I⊕ > 0.

Example 3 (Markov chains [88]). Let G = (X , E) be a
connected graph with set of vertices X such that |X | < ∞.
Assume that the graph is d-regular, meaning that the degree
of all vertices is d. Then the random walk associated with it
has a transition matrix given by

P (x, y) =

{
1/d if (x, y) ∈ E

0 otherwise.

The connectedness and regularity of the graph imply that
the random walk is irreducible and has a unique stationary
distribution π ∼ U(N), which is uniform over N . Let T ⊂ X
be a target such that |T| < 1/2, and consider an initial
distribution P1 such that p = P1(T) ≪ |T|/|X |. Then, letting
P2 denote the stationary distribution of the random walk, we
have q = P2(T) = |T|/|X |, greatly increasing the probability
of the target through the chain’s neutral dynamics. This illus-
trates the mild-knowledge regime p < q < 1 − p in Theorem
3, showing that it is possible to increase the probability of
the target via a natural information redistribution within the
system.

Example 4 (Cosmological fine-tuning [35]). Cosmological
fine-tuning (FT) asserts that some constants of nature must
fall within an interval ℓ ⊂ X ⊂ R for carbon-based life to
exist [89]. Let T ⊂ X be the event “We observe a universe that
exists and permits life.” Let x denote the value of a particular
constant of nature, and assume that x is a parameter of a
model Q(T | x) that gives the probability of observing a life-
permitting universe. According to (3), this corresponds to T
when the specification function f(x) = 1T(x) is binary and
satisfies f(x) = 1 if the value x of the constant permits a
universe with life (f(x) = 0 otherwise).

The tuning probability of the event T is obtained by treating
x as an observation of a continuous random variable X ∼ P,
where P is in maxent, and averaging Q(T | x) with respect
to x, i.e., Q(T; ξ) =

∫
X Q(T | x)dP(x; ξ), where Q(T | x)

is the likelihood. If T = ℓ, then Q(T | x) = 1T(x), and we
obtain Q(T; ξ) = P(T; ξ). To determine the degree of tuning,
we maximize P(T; ξ) with respect to the hyperparameter ξ as
ξ varies over a finite-dimensional space Ξ. That is, the final
degree of tuning equals P1(T) := supξ∈Ξ P(T; ξ). Since T is
observed, this induces a second distribution P2 s.t. P2(T) =
1. Then P0(T) < δ ≪ 1 is equivalent to I+(T) > − log δ ≫
0, in which case we infer that X is fine-tuned to level δ for
the family of distributions F := {P(T; ξ)}ξ∈Ξ.

In this scenario, it has been shown that the gravitational
constant and the critical density of the universe are fine-
tuned. In contrast, other constants, such as the Higgs vacuum
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TABLE I
REGIMES OF CONSERVED ACTIVE INFORMATION UNDER UNIFORM BASELINE

Regime Condition I+(T ) I⊕ Interpretation
Harmful to T q < p < 0 > 0 Target harder, system more ordered
Mild knowledge p ≤ q ≤ 1− p ≥ 0 ≤ 0 Target easier, system more disordered
Strong knowledge q > 1− p > 0 > 0 Target much easier AND system more ordered (jackpot)

expectation value and the amplitude of the primordial fluctua-
tions, are not [72]–[75]. Therefore, the presence of fine-tuning,
P1(T) ≪ 1 and P2(T) = 1, implies that the universe itself is
an emergent event of high complexity.

IV. DISCUSSION

In this paper, we have introduced total information and con-
served active information. We have highlighted their properties
and contrasted them with the key properties of AIN and KL,
which are rarely discussed in the literature. Since neither AIN
nor KL can describe changes in the system’s total information,
I⊕ provides a necessary criterion for determining whether a
specification T requires the infusion of information. When
it does, we propose to define the specification as emergent.
Therefore, I⊕ provides the missing scalar for NFL-compliant
active information reporting, with extensions unifying infor-
mation theory and complex systems.

This work can be extended in several ways. First, a nat-
ural extension of conserved active information is its thermo-
dynamic implications, where analogies between information
theory and thermodynamics are particularly fruitful [90], [91].
Informally, by replacing the term information with energy in
our framework, we can draw direct parallels that illuminate
far-from-equilibrium processes central to complex systems. In
thermodynamics, energy is conserved by the first law, but
its usable form (free energy) decreases via the second law,
increasing entropy in isolated systems. Similarly, the NFLTs
enforce a conservation principle for information: gains in
performance on a target T must be offset by losses elsewhere,
averaged over all problems. Conserved active information
I⊕ = I+(T) + I+(Tc) captures this balance, akin to total
energy in a closed system. Positive conserved active informa-
tion signals an infusion of external “work” (problem-specific
knowledge), reducing global disorder much like an engine
extracting work to decrease local entropy while increasing
it overall [92], [93]. Negative conserved active information,
conversely, reflects internal redistribution without net gain,
mirroring dissipative processes where entropy rises sponta-
neously, as in Example 3.

Second, a compelling extension of conserved active in-
formation concerns its potential role in evaluating artificial
intelligence (AI) systems, particularly large language models
(LLMs), and in the pursuit of artificial general intelligence
(AGI). In search and optimization, LLMs leverage vast pre-
trained knowledge to enhance performance on specific tasks,
effectively increasing active information by biasing toward
relevant targets [71], [76], [77]. We conjecture that this often
occurs within the ”mild knowledge” regime identified in
Theorem 3, where p < q < 1 − p and I⊕ < 0, indicating
that the system becomes more disordered overall. Here, the

apparent gains in I⊕(T) stem from internal redistribution of
probabilities—drawing on the programmer’s embedded knowl-
edge (e.g., training data curation and architecture design)—
rather than a net infusion of order. In contrast, true AGI could
be characterized by the machine’s autonomous ability—not
the programmer’s—to transition into the “strong knowledge”
regime (q > 1 − p and I⊕ > 0), where it imposes genuine
order on the entire space by injecting problem-specific “in-
sights” without external scaffolding. This jump to positive I⊕

would signify self-generated conservation violations, akin to
emergent creativity or adaptation in unexplored landscapes.

Third, in the context of statistical estimation, consider a
population X and a subset T ⊂ X of, say, infected in-
dividuals with some disease. The true prevalence is given
by p = P1(T) = |T|/|X |. An estimator introduces bias,
yielding q = P2(T) [43], [71]. Here, active information
I+(T) = log(q/p) quantifies the magnitude and direction of
bias: positive for overestimation, negative for underestimation,
and 0 for unbiasedness. We believe that the regimes delineated
in Theorem 3 provide an objective framework for assessing
permissible bias. Specifically, the mild knowledge regime (p <
q < 1/2 < 1− p) bounds the extent to which, under unbiased
sampling, an estimator can inflate q without violating conser-
vation principles by injecting excessive external knowledge.
For rare events where p ≪ 1/2, the interval (p, 1/2) is vast,
allowing substantial overestimation (q ≫ p) while keeping
I⊕ < 0. Consistent with the conservation of information,
estimators may appear effective locally but degrade globally,
leading to overconfidence in rare-event detection. In contrast,
crossing into the “strong knowledge” regime signals that
the estimator has imposed genuine order, potentially through
unaccounted-for external inputs (e.g., biased sampling or
overfitting), thereby violating the conservation of information,
unless justified by problem-specific structure. This framework
thus offers a diagnostic tool for bias in prevalence studies:
compute I⊕ to determine whether the observed bias is mild
(permissible redistribution) or strong (indicating the need for
scrutiny of hidden knowledge).
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[40] G. D. Montañez, D. Bashir, and J. Lauw, “Trading Bias for Expressivity
in Artificial Learning,” in Agents and Artificial Intelligence, A. P. Rocha,
L. Steels, and J. ven den Herik, Eds. Cham: Springer, 2021, pp. 332–
353.

[41] J. S. Rao, Statistical Methods in Health Disparity Research. Boca
Raton: Chapman and Hall/CRC, 2023.

[42] D. A. Dı́az-Pachón and J. S. Rao, “A simple correction for COVID-
19 sampling bias,” Journal of Theoretical Biology, vol. 512, p. 110556,
March 2021.
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S. B. Chapman, J. Karjalainen, M. Kurki, M. Maasha, B. M. Brumpton,
S. Chavan, T.-T. Chen, M. Daya, Y. Ding, Y.-C. A. Feng, L. A. Guare,
C. R. Gignoux, S. E. Graham, W. E. Hornsby, N. Ingold, S. I. Ismail,
R. Johnson, T. Laisk, K. Lin, J. Lv, I. Y. Millwood, S. Moreno-Grau,
K. Nam, P. Palta, A. Pandit, M. H. Preuss, C. Saad, S. Setia-Verma,
U. Thorsteinsdottir, J. Uzunovic, A. Verma, M. Zawistowski, X. Zhong,
N. Afifi, K. M. Al-Dabhani, A. Al Thani, Y. Bradford, A. Campbell,
K. Crooks, G. H. de Bock, S. M. Damrauer, N. J. Douville, S. Finer,
L. G. Fritsche, E. Fthenou, G. Gonzalez-Arroyo, C. J. Griffiths, Y. Guo,
K. A. Hunt, A. Ioannidis, N. M. Jansonius, T. Konuma, M. T. M. Lee,
A. Lopez-Pineda, Y. Matsuda, R. E. Marioni, B. Moatamed, M. A. Nava-
Aguilar, K. Numakura, S. Patil, N. Rafaels, A. Richmond, A. Rojas-
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[80] D. A. Dı́az-Pachón, J. P. Sáenz, J. S. Rao, and J.-E. Dazard, “Mode
hunting through active information,” Applied Stochastic Models in
Business and Industry, vol. 35, no. 2, pp. 376–393, 2019.

[81] T. Liu, D. A. Dı́az-Pachón, J. S. Rao, and J.-E. Dazard, “High Di-
mensional Mode Hunting Using Pettiest Component Analysis,” IEEE
Transactions on Pattern Analysis and Machine Intelligence, vol. 45,
no. 4, pp. 4637–4649, April 2023.

[82] D. A. Dı́az-Pachón, T. Liu, and J. S. Rao, “Lenses of variation,”
Submitted, 2025.

[83] D. A. Dı́az-Pachón and R. J. Marks II, “Active Information Requirements
for Fixation on the Wright-Fisher Model of Population Genetics,” BIO-
Complexity, vol. 2020, no. 4, pp. 1–6, 2020.
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