1.1 = Consider any subset 7' C R™. Check that conv(7) is a convex set.
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1.2 = Check that the pointwise maximum of a finite number of convex functions is a convex
function.
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1.3 sese (Jensen inequality)

(a) The definition of a convex function (1.1) involves convex combinations of two points
xz and y. Let us extend it to arbitrarily many points. Let K C R™ be a convex
subset. Prove that a function f : K — R is convex if and only if the following holds.
For any m € N, any vectors x; € K and any numbers \; > 0 with Z;’ll A =1, we

have
f(ZM%‘) <> Nif ().
i=1 i=1

(b) Let X be a random vector in R™ that takes finitely many values, and let f : R™ — R

be a convex function. Deduce from part (a) Jensen inequality:

fEX) <Ef(X).
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1.4 # (A maximum principle) Prove for any convex function f and a subset 7' C R™:

sup  f(z) = sup f(x).
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1.5 sew (Expressing a cube as a convex hull of its vertices) It seems almost obvious that the
cube is the convex hull of its vertices:

[-1,1]" = conv ({—1,1}") .

Prove this by expressing any point in the cube as a convex combination of the vertices.
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1.6 sw (Expressing a cross-polytope as a convex hull of its vertices) Check that the unit
ball corresponding to the ¢} norm in R™ is the absolute convez hull of the standard basis

e1,...,en in R™, that is

BT = conv ({%e1,...,xen}).

Write down a formula that expresses any point x € BT as a convex combination of the

vectors *eq,...,ten.
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1.7 sw (Random graphs with random number of vertices) Suppose that in Example 1.4.2,
the number n of freshmen who arrive on campus is a random variable that has Poisson
distribution with mean \. As before, each pair of students becomes friends with probability

p independent of all other pairs. Show that if p > 21In(A)/\ then there are no friendless
students with probability at least 1 — 1/A.
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1.8 sew (Independent sets in random graphs) Call a group of people independent if no
two members are friends. Suppose n > 7 students enroll in a class on high-dimensional
probability, with each pair becoming friends independently with probability 1/2. Show
that, with probability at least 1 — 1/n, this class has no independent subsets of more than
2log, n students.
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# (Dense random graphs have no isolated vertices) Let us refine the result of Exam-
ple 1.4.2. Suppose n freshmen arrive on campus, with each pair becoming friends inde-
pendently with probability p,. Fix any € > 0 and assume that
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Prove that there are no friendless students with probability that converges to 1 as n — oo.
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1.10 sewww (Sparse random graphs have isolated vertices) Let us prove a converse to Ex-
ercise 1.9. Fix any € > 0 and assume that

1-¢)l
pn < (d-¢)nn for every n € N.
n

Then there exists at least one friendless student with probability that converges to 1 as

n — o0o. You will prove this result using the so-called second moment method:

(a) Denote the number of friendless students by Sy, and express it as Sn = X1+...+Xn
where X is the indicator of the event that student ¢ is friendless. Show that

Thus the expected number of friendless students is large. But this does not auto-
matically imply that there exists even one friendless student with high probability!

(Why?)
(b) Compute the second moment E S2 by expanding the square. Conclude that
Var(2Sn) 0.
Hin

(c) Use Chebyshev inequality to complete the proof.
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1.11 ss (Monotonicity of the L? norm)

(a) Let X be a random variable. Show that || X||z» is an increasing function in p

I X|lzr < ||X||pe forany 0 < p<g < .

(b) Demonstrate that the inequality in part (a) can not be reversed: for any 0 < p <
q < 00, find an example of a random variable X with || X||z» < oo and || X||« = o0
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1.12 s (Interpolation between L' and L>°) We know the LP norm of any random variable
X is bounded by the L norm. We can get an even better bound if we also know that
the L' norm of X is small. Show that
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1.13 wsw (Expectation of a maximum) Let X1,..., X, be nonnegative random variables.
(a) Prove that
maxE X; < Emax X; <n- -maxEX;.

i<n i<n i<n

(b) Demonstrate that both inequalities in part (a) may be optimal. Specifically, find
random variables X1, ..., X, satisfying max; E X; = Emax; X; > 0 and random
variables Y; satisfying [E max; Y; = n - max; EY; > 0.

(c) Demonstrate that the upper bound in part (a) may be approximately optimal even
for independent random variables. Specifically, find independent random variables
X1,...,Xn satisfying Emax; X; > cn - max; E X;, where ¢ > 0 is an absolute
constant.”
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1.14 ses Let X1,..., X, be nonnegative random variables. Prove that for any 1 < p < oo,

we have
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1.15 = (Integrated tail formulas) Prove the following more general versions of Lemma 1.6.1.
(a) Let X be any random variable, not necessarily nonnegative. Then
o0 0
IEX:/ IP{X>t}dt—/ P{X < t}dt.
0 —00

(b) Let X be a nonnegative random variable. Let f : Rt — R™ be an increasing,
differentiable function satisfying f(0) = 0. Then

Ef(X) = /Ooo P{X > t}f'(t)dt.

(c) Let X be a random variable, not necessarily nonnegative. Deduce that for every
p € (0,00) we have
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1.16 ss (Paley-Zygmund inequality) Markov inequality says a random variable is unlikely
to be much bigger than its expectation. But what about the reverse? Can a nonnegative
random variable be much smaller than its expectation with high probability? In general,
yes (example?), but not if the second moment isn’t too large. Let X be a nonnegative
random variable with finite variance. Show that for any ¢ € [0, 1]:
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1.17 sesese (Comparison of the £ norms) Let 0 < p < g < oo.

(a) Prove that for any vector z € R™ we have

1

1
zllg < [lzllp < nPa|lz]lq.

(b) Demonstrate that both inequalities in part (a) can be optimal Spec1ﬁcally, find
nonzero vectors z,y € R" satisfying ||z||p = ||z||q and ||y|lp = ny lyllq-
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1.18 s (The £°° norm is the limit of the /¥ norms) Consider any vector x € R"
(a) Prove that

lz]lp = ||z|loo as p = oo.

(b) In fact, p does not need to be too large for the /¥ norm to get reasonably close to
the £°° norm. Show that if p > Inn, then

[zlloe < lzllp < ellz]loo-
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1.19 s (Duality of the £, norms) Let p,p’ € [1,00] be conjugate exponents

(a) Show that Holder inequality is tight: for any vector x there exists a vector y # 0 for
which (z,y) = [|z[[pllyllp-

(b) Conclude that for every vector x € R", we have

max {(z,y) : y € By} = ||z[lp.
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