
 

































































































Δ CONVEX COMBINATION OFPOINTS Xy XMER IS A LINEARCOMBINATION

WITH NONNEGATIVE COEFFICIENTS THAT ADD TO 1

E Xixi Eiti 1 Xi 0 FORALL i

THE CONVEX HULL OF A SET TERM IS THE SET OF ALLCONVEX

COMBINATIONS OF ALL FINITE COLLECTIONS OFPOINTS IN T

CONV T CONVEXCOMBINATIONS OF Xi XMET MENY

CONVIT IS CONVEX IF

Xxt 1 x y E CONVIT Fx y E convet
WHICH IS TRUE BY DEF OF THE CONVEXHULL

LET K BE A CONVEX SET A FUNCTION f KAR IS CONVEX IF

f Xx 1 7 y fix 1 7 fly Kx y ek Xe 0,1

LET fi K R WITH 0 1 n BE COLLECTION OF CONVEXFUNCTIONS

DEFINE THE POINTWISEMAXIMUMFUNCTIONAS

9 ToRmax f x fn x
THEN

fi 1 11 7 y Exfilx 1 x fily
Xglx 1 x g y

FOR i 1 n THEREFORE



 

































































































max fi xx 1 X y Xgex 1 x g y

WHICHPROVES THERESULT

a TRIVIAL

as f KAR IS CONVEX

f x x 72 2 Xif x Xifly Hx ye k Xi he 0,1 littz l

THEREFORE THE IMPLICATIONHOLDS FOR M 2 WHICH SUGGESTTHAT WE

CAN PROCEED BY INDUCTION THEREFORE LET'SASSUMETHATTHE

IMPLICATION HOLDS FOR men THEN AS K IS CONVEX É Dixie K For
424Xy on Xnt e k and ly but e oil WITHX t line

LET 7in EpXi THEN Ei E E K BY THE CONVEXITY OF K AND

f Ei xxi f E dixi Intine

f E.LIfittnxnti
7 f IE Xi Int f xp BY THE convexityoff



 

































































































In Ei f x Int f anti BY INDUCTION HYP

Exif xi
b assume THAT Xehxy Xm WITHRESPECTIVE PROBABILITIES

471 7m THEN

EX ET Xiii

AND PART a IMPLIES THAT

flex f Exxi Tif xi Ef x

BY DEF T CONV T THEREFORE

xe Bu P x

TO PROVETHE OPPOSITEDIRECTION OBSERVETHAT ASJ IS CONVEX BY
CARATHÉODORY'S TH FOREVERY XECONV T THERE ARE In Xn ET

AND hi Tnt E 0,1 WITH ItXiel S.T x ÉXixi THEREFORE BY
THE CONVEXITY OF f

f x JÉixixi xiflxils.ie Eifixl eefixl
WHERE THEFIRST INEQ.IS OBTAINED BY THE DEF OF CONVEXITY OF f
EXERCISE 1 3 A THEN IMPLIESTHAT



 

































































































xecoh.PH f fix

LET'S CALL T 1,14 AND X CONV T LET X X Xn EX THEN Xie I I

LET v un ET THEN we 1,14 WE want Xi TO BE A CONVEXCOMB OF

1 AND 1 FOR P E 0,1

Xi pi l 1 p i

2p 1

THEN p Xiti 2E 0 I DEFINE Xu ITalvi WHERE
IF 1

alvel
p if ve

THINK OF TOAS THE DISTRIB OF RANDOMVECTOR V V Vn WITH INDEP

ENTRIES WHERE P Vi I P AND P Vi I 1 pi THEN

P v v ITP Vi o do
THEREFORE

1 EPLV v to

SHOWING THAT X In ADE CONVEX COEFFICIENTS EXPLICITLY

E to Et alot

IT pit 1 pi THINKABOUT EXPANDING ITaitbi



 

































































































1

1h50
Xo v EV EV EVn 2p 1 2pm 1 x Xn X

WHICH PROVESTHAT X IS CONVEXCOMBINATION OFALL VET

FOR X x Xn E B xed 11 11514 Hell or 1 so het set r

CALL Mi maxhxi04 AND M max Xi 0 DEFINE

Xj M t s 12h FORALL je 30 it

THEN IT IS CLEARTHAT

É 1 it 1

AND
tieetX.ie Xi fie y n4

FOR N PLX LET B BETHEBADEVENTTHATTHERE IS AT LEAST A

FRIENDLESS STUDENT THEN CALLING EITHEEVENT THAT THE ETH STUDENT IS

FRIENDLESS P BIN n P E U VEn THEREFORE

PIB If P n n P Ei BY THELAWOFTOTALPROB

nÉf É PIE BY THEUNIONBOUND



 

































































































If et n t p

E.ie nlt pm

xEE
XE e

_P BYTHETAYLOR SERIES OF
THE EXPONENTIAL FUNCTION

YEP
12 X M

71
WHICH PROVES THERESULT

LETα G BE THE INDED NUMBER OF Gln p i.e THESIZEOF THELARGEST

INDEP SUBSET OF G npl DEFINE M L2ogn 1

Plato m 1 212 1 2 mm1112

WHERE THE INEQ WAS OBTAINED BY APPLYINGTHEUNIONBOUND NOW

BY THE BOUND B E
M
IN EXERCISE0.6

Plato m mmm2mtm.lk

THEN

log P 21613m m loge logan logm 1m 1 2



 

































































































MElogze log 210g Ntl L2og n 2 logan

m log e log lognW 1 login2 logan
EM loge log log491 1 L109,191 2 logit
M 1.5 2.5 2.5 2.9

m 0.6

WHERETHETHIRDINEQUALITY ISOBTAINEDBYTHEFACTTHAT n 7 THEN

P 21611m 206M

2
06 1209 n 1

206120927
1

2
2210927 0.6

512206

n

USINGTHESAMENOTATIONANDREASONING IS INEXAMPLE1.4.2ANDEXERCISE1.7

P B PE n l Pn n ele
It Instate

1HEY
ANDTAKINGLIMITS IN THERHS

7 It Instate

is him nri o
1 tellhn


































































































a 1 Isn him Exit Xn hipnetput'ships n o

WHERETHEFORMERTOLISTEQUALITY IS OBTAINED BYREASONING IS INTHEPREVIOUS

EXERCISE TO SEETHATTHEPROBABILITY OFEVEN ONEFRIENDLESS STUDENT IS

SMALL OBSERVETHAT CORRELATION BETWEEN THE XIS CAN AFFECT THIS PROB
FOR INSTANCE IF X VBer pn ANDXi Xi a 5 FORALL 1 2,3 n THEN

Sn npp i e Inn is

But
p Sn n pm 0

b
Esp E x t Xn x t Xn

EEsXi t EenExit

n t p P i jAREFRIENDLESS



 

































































































MElogze log 210g Ntl L2og n 2 logan

m log e log lognW 1 login2 logan
EM loge log log491 1 L109,191 2 logit
M 1.5 2.5 2.5 2.9

m 0.6

WHERETHETHIRDINEQUALITY ISOBTAINEDBYTHEFACTTHAT n 7 THEN

P 21611m 206M

2
06 1209 n 1

206120927
1

2
2210927 0.6

512206

n
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1HEY
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a 1 Isn him Exit Xn hipnetput'ships n o

WHERETHEFORMERTOLISTEQUALITY IS OBTAINED BYREASONING IS INTHEPREVIOUS

EXERCISE TO SEETHATTHEPROBABILITY OFEVEN ONEFRIENDLESS STUDENT IS

SMALL OBSERVETHAT CORRELATION BETWEEN THE XIS CAN AFFECT THIS PROB
FOR INSTANCE IF X VBer pn ANDXi Xi a 5 FORALL 1 2,3 n THEN

Sn npp i e Inn is

But
p Sn n pm 0

b
Esp E x t Xn x t Xn

EEsXi t EenExit

n t p P i jAREFRIENDLESS



 

































































































n t p 121 v is Friendless P j isFriendless itsFriendless
n tPn t pn l p

SINCEJ CANNOTBEFRIENDSWITH I ALSOFROMTHE SECONDTERMINTHELAST

EQUALITY WESEETHAT XIANDX ARE ALMOST UNCORRELATED IN FACTTHEYARE

ASYMPTOTICALY UNCORRELATED THUS

Sn nlipnp.itgh
pnp l p

n l pn 22 i pm 1Pm

tied
THEN

visn Esn ES ESno Sn

AND THELASTTWOTERMSCANCELEACHOTHERASYMPTOTICALYTHEREFORE

Is 5s limo is O

c

P Sn 0 P Sn 0

P Snun un
P1 SnMn un
Sn µ 8 0



 

































































































a LET fix x BY JENSEN'S INEQ

11 11 FIXP P f FIXIP EJIXIP F1 19
TAKING THE GTHROOTON BOTHSIDES

11 11,1 11 1129

b LET me pq and consider a D V FULLY SUPPORTED ON It
WITHDENSITY f X X

M
THEN

EXP xtfixldx f.lt xm dxc is
WD

Ext xfexldx flxttxmldx.co

ASFOR G IS SINCEX IS NOTBOUNDED 11 11 W

CALL M 11 18 THEN

EIXIP E 1 11 1 F IXIM FIXMP 111111118

AND TAKINGTHE PTHROOTTHERESULT FOLLOWS



 

































































































a THE FIRST INEQ.IS A CONSEQUENCE OFEXERCISE 1.2 AND JENSEN'S INEQ

AS FORTHESECOND ASSUMETHATEmaxXi nmax Xi THEN

EEYEE.me Xisn.maxEXi3EFXi EEXi

CONTRADICTIONBECAUSEAN INNER INEQ.IS STRICT

b LET X Xn CERt BE DEGENERATE DV s THENmexEXi E.am Xi

LET U BE a UNIFORM DV OVER I 31 n ANDDEFINE Yi nThil ie I
SUPPOSEU IS REALIZED IT UoE I THEN Yu N AND Yi 0 FORALL I Us
THEREFORE MEIYi Yuo n AND

E.me Yi EYuo n

ONTHEOTHERHAND FOR ALL IEI Yi 1 THEREFORE

7 Yi n.mg EYi

AS REQUIRED

C LET Xi Xn BE INDEP BERNOULLITRIALS WITH PARAMETER P P WHEN

7 1 THERESULT ISTRIVIAL SOLET'S ASSUME n 2 ACCORDINGLY EX p FOR

1 1 n AND MaxEXi Pn ON THEOTHERHAND LET Y MaxXi THEN

EmexXi 1 P Xi 1FORAThedst one i O P Xi OFORALL i

1 7 P Xi O FOR ALL i

1 1 Pn

THUS THE DESIREDINEQ 15 SATISFIED IF



 

































































































EmeyXi 1 tpp c npn cnn.ggExi

FORSOME CSO NOWOBSERVETHAT

1 l p logen
1 1 npntlnp.TL

up npn

THEREFORE 1 1 IS SATISFIED IF THERE IS CSO S.T

mpp Mpp 2 cap Mpp 2 c 1 npn

npn 2 C I

npn 2C 2

np 2 c 1

THUS IF p n 32 SATISFIES

LETglx x
P which is concave BY JENSEN'S INEQ

EXP Egl.EE g EExi eE.xi

WHICH ESTABLISHESTHESECONDINEQ FOR THEFIRSTINED OBSERVE THAT

Ei Ex HEXIp EHXlp E Exp



 

































































































a LET X X X_ where X max 0 AND X maxho X SINCEBOTH

XAND X ARE NONNEGATIVE THE RESULTFOLLOWS

b LET g x BETHEDENSITY OF X THEN

SPEX e fileldtfgixlfleldxd.tk
glxlf.ltdtdx

fgixlfYf'ltdtdx

fgixlfixldx

EfIX
c DIRECT FROM Ib



 

































































































LET EEX THEN

EX Xyz I X 1

EIXTE EEX
7 2 I 1 1 EEX

IX ply EEX t EEX

AND THERESULT IS OBTAINED

a LET X x Xn BYHOMOGENEITY THAT11711171111FORanyNORM11II IT IS
ENOUGH TO PROVE THE RESULT FOR Y X 111p THEN

y x 11 1p Hyllp 1

lyin

Iits isien

lyi yil Isin

lyil Elyil I

Hylly I Hyllp



 

































































































AS FOR 9 8 Ixil ET xi HelpFOR all i THEREFORE

11 110 maxIxil 11 1p

b LET 2 11,0 0 THEN xllp llxllq

LET y 1 1 THEN Hyllp n and llyllq.sn
en I

nPñ n 9

n't Hylla

a LET Me max Ixil Hello THEN

1 1 is Help E IxP s n M M 11 1is

WHERETHEFIRSTINEQ WASOBTAINED IN EXERCISE 1.1719

b ps n n eP n THEREFORE Becomes

Hellis Help n MseM ellally



 

































































































a

p l p is

ASSUMETHAT Xis 0 FORALL iehl n4 THEN LETTING Y J 11 1

axy Eixi llxll.lylo
MOREGENERALLY IF X L0 TAKE y 1

X 0 TAKE Yi 1
THEN ax y Ixil 1111 Hyllis

p o p 1

IF Xi 0 FORALL ie i n Take 11 1a XkANDMAKEy 10 0 7,0 0

WITH A 1 INTHEKTHCOORDINATE AND O ELSEWHERE THEN
Sx y Xk 1116 11 1allylli

IF IXlis Kk ANDXK 0
ax y lxkl lxlly llxllyllyl.li

p p E i n

IF Xi O FORALL XiEX

MIKE y X PP THEN

Hyllp Éy Exp Hell lxllp

AND

x y Exox xp Help Help xllp HelpHyllp

IF Zico TAKE y Ix
PP

b THIS IS A CONSEQUENCE OFHOLDER'S INEQ ANDTHEDEF OFTHECOSINEOF

THEANGLEBETWEEN X ANDY



 

































































































max x y yeBp max xy llyllp.tl
smax kxysl llyllp
l4smaxI11xllpHyllp

llyllp1 1

11 1p

THUS max axy yeBp4 11 1p TO ATTAINTHEUPPER BOUND MAKE y x 1111p THEN

Hylp 1 AND y argppy if
BYDEF OFTHECOSINE


