0.1 sew (Two variance formulas)

(a) Recall that the variance of a random variable X satisfies Var(X) = E(X —E X)? =
EXx?% - (EX )2. Let us prove a higher-dimensional version of this identity. Check
that any random vector Z in R" satisfies

E|Z - EZ|; = El|Z|; - |E 2|5

(b) Let Z be a random vector in R™, and Z’ be an independent copy of Z, i.e. a random
vector independent of Z and with the same distribution as Z. Check that

1
E|Z -EZ|} = 5 E||Z - Z'||,.
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0.3

wew (Expectation minimizes the mean squared error) The variance of a random vari-
able X has the following extremal property:

Var(X) = Emin(X — a)?.
acR

Let us prove a more general, high-dimensional version of this fact. Check that a random
vector Z in R™ with finite 1E||Z||§ satisfies

E|Z —E Z||; = min E|Z — alf5.
a€R™
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ww (Variance of a sum) Recall that the variance of a sum of independent random
variables equals the sum of variances. Let us prove a higher-dimensional version of this
identity. Check that any independent mean-zero random vectors Z1, ..., Z; in R" satisfy
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0.4 ws (Balancing vectors) Let x1,...,xn be vectors in R™ that lie within the unit Eu-
clidean ball centered at the origin.

(a) Prove that it is possible to assign a sign + to each vector such that the sum +zj +
xg + -+ - + xy lies within a Euclidean ball of radius /n centered at the origin.
(b) Explain why the value y/n cannot be reduced in general.
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0.5 www (Approximate Caratheodory is asymptotically tight) Demonstrate by example
that the bound in Theorem 0.0.2 is almost tight. Specifically, for every n find a set T C R"
such that for any convex combination 2?21 Ajxj of any k points x1,...,x, € T, one has

1 1
H“Z* =), 2 Vg~

Let n — oo while keeping k fixed to see that Theorem 0.0.2 is asymptotically tight in high

dimensions.
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0.6 w# (Bounds on binomial coefficients) Prove the inequalities
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for any integers 1 < k < n.
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0.7 wes (Thin shell phenomenon) Let us prove a counterintuitive fact that most of the
volume of the high-dimensional ball lies near the surface. Consider the points inside the
unit Euclidean ball of R™ that lie within distance 5/n from the surface of the ball, see

Figure 0.3. Prove that such points make up over 99% of the volume of the ball.

/
5/n/

Figure 0.3 Over 99% of the volume of the unit ball in R" lies within
distance 5/n from the surface (Exercise 0.7)
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0.8 sese (Thin shell phenomenon, continued) Let X be a random vector that is uniformly
distributed? in the Euclidean unit ball of R™. Prove that

n
El|X|l; = —=-
v= N
Tob) = "Ug) o0 omael.
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0.9 wewe (Carl-Pajor theorem) Let’s improve Theorem 0.0.4 by replacing N with N/n.
Let P be a polytope with N > n vertices, which is contained in the unit Euclidean ball of
R™, denoted by B. Prove that

Vol(P) log(eN/n) \
Vol(B) = <C m )

where C' > 0 is an absolute constant.>

W A



DISTINOUISHABLE , WHICH 1S DD STRONS. WISTEAD, (ONSIDEY.
Tk Xy =k [¥)
WHEEE ¥ \S THE WUMBER TF TME3 VERTe! 1 15 SELECIED  [wHicH cAu iAW)
e B OF WDUDEGKTIVE oL AoUs oF (%) 13
(kﬂ*\\)'\) - (\gﬂd-l}
=) AN
(zec €6, (M-, PYOY §.1 OF " A FIUST COURSE 1N ’PQDBL\B}LITVHL‘\H\S IMPLICS

THAT ED, (0.3) N THE DOOL <) BE REWRITIEU AS

VoL [P) o [ kyro-1) |
Kz

vou () k
o (e lkri-t ¢ ’ RY agicise 0.6
- () !
< Kﬁ_kU)k k':"* quce. kyo-l 20\
N

™G Ke ﬂ/bj (essln)

/:H@ﬁ) 103(ew/n)] ) Qoa km[n))ﬂ

orlerin) =) N ] / 4

(A N >

+ fe ) n losyensjhn) PoE [ 109(evin] lﬂl M eeomy
n

_L'_ Z/ncr) Er} M n’L ‘TAKé X = ]0(3(6\3]{\) AM'D \3: ’x’l ~
N TREV) |03\3=\—;>Q:€

THIS  PROOY RELIED HEAVILY O THE HIUT 1) THe BDDK. TS UDST  3)160IFICAUT
ROT UWAS THE SUGGESTION)  OF ke . WHY THIS WALUE ] DBSERVE. AT e, TSI

EQ. K MADE TF Tlup FCTORS: THE CoERINE LOMBEL. 6Vl BY The BIopmuyl,



COEFRICIEMTT) AUD THE VOLUNETRIC ey LK DICE THE COERIVG LA

HAS BEaN) BOULUDED, THE NeLD D KEELP THE €D 1M BOUSED DWCTATE

e Y0RM OF Ko

\
(N
(N

>
)
C
)
>
—t

[AMEAR 10 ¥

TING 1O COMPARE The HIS EXEXSE 10 THIY

THEODLEM

)
O
A

1 TY

N
wy}
)

74
=

TN OUPLE  wITH  SMALL B a0D N, AT

COVPLE LoITH  UARGE N auD N. YOU'LL €& TRAY THE NEW BDUD 15 ML

TIGHTER. !

&

wAN

(@)




